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possible sudoku grids, which has been approached with graph 
theory and brute-force calculations (1-2). Researchers have 
long been studying the minimum number of clues needed for 
a solvable puzzle, proven to be 17, and the maximum number 
of clues for an unsolvable puzzle, proven to be 79 (3-4).
	 Our study focused on classifying sudoku difficulty. 
Identifying factors that predict sudoku difficulty is a complex 
task because it involves computationally quantifying a 
human’s perception of a puzzle’s challenge. Humans and 
computers approach sudokus differently; computers often 
rely on methods like backtracking, which involves systematic 
trial and error, or SAT solvers, computer programs that can 
solve any Boolean satisfiability problem (5). To be solvable 
with SAT methods, sudoku puzzles must be transformed into 
mathematical formulas that intake Boolean inputs and return 
“True” or “False” (5). Simulated annealing has also been tested 
as an efficient way for computers to solve sudoku puzzles (6). 
Simulated annealing involves determining a space of possible 
solutions and shrinking it using a cost function and a positive 
temperature parameter. 
	 Unlike computer solvers, humans commonly rely on 
shorthand strategies to solve sudoku puzzles. For instance, 
the “obvious singles” strategy solves a cell by eliminating all 
numbers that are in its row, column, or 3x3 box (Figure 1). The 
“hidden singles” strategy solves a cell when it has a possible 
value not present in any other cell in its row, column, or 3x3 
box (Figure 1). “Naked pairs” is a more complex strategy 
which relies on locating groups of 2 or 3 cells in the same row, 
column, or 3x3 box for which the number of cells in the group 
is equal to the total number possibilities of the group (Figure 
2). 
	 For difficulty classifiers to be used in a practical setting, 
they should classify based on a human solver’s ability rather 
than that of a computer and they should also maximize 
computational efficiency. Some past approaches have fallen 
short in one of these areas. For instance, a convolutional 
neural network (CNN) has been used to classify sudoku 
difficulty into three levels (easy, medium, and difficult) with 
80% accuracy (7). CNNs are neural network algorithms that 
learn by performing unsupervised feature engineering using 
kernel optimization (7). This model, however, was trained on 
how many steps were taken by a backtracking sudoku solver. 
While the CNN is efficient, it has not been proven capable 
of classifying based on human solving difficulty. Additionally, 
it is difficult to interpret how CNNs make decisions due to 
what some call their “black-box” nature, since their inner 
workings are often not intuitive. Thus, using CNNs may limit 
our understanding of the predictors of sudoku difficulty.
	 Prior work has also shown that a computational model 
trained on real-time human solving patterns can classify 
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SUMMARY
Sudokus are logical puzzles that vary in difficulty. 
They are typically solved with some commonly 
accepted strategies such as “obvious singles,” 
“hidden singles,” and “naked pairs.” Since strategies 
are an important part of how solvers approach sudoku 
puzzles, solving strategy analysis may be useful 
in building sudoku difficulty classifiers. Our study 
aimed to improve the accuracy of sudoku difficulty 
classification by analyzing the predictive power of 17 
variables, including metrics based on sudoku solving 
strategies. Other classification attempts have been 
made using a convolutional neural network, a model 
trained on real-time human solving patterns, and a 
rating system based on the number of solving rounds 
needed to solve a puzzle. We collected 6,000 sudoku 
puzzles from puzzle-sudoku.com for our study. We 
based our classifier on the website’s difficulty ratings, 
which were basic, easy, intermediate, advanced, 
extreme, and evil. We paired the levels together so 
that our classifier only distinguished between three 
levels of difficulty. We trained two models; the Simple 
Model was trained on the number of clues, the average 
possibilities per empty cell, clue variation, and clue 
placement. The Simple Model had a 44% testing 
accuracy. The Solving Strategies Model was trained 
on all variables from the Simple Model and eight 
additional solving strategies features. These features 
measured the accuracy of the “obvious singles,” 
“hidden singles,” and “naked pairs” strategies on 
the puzzles. We hypothesized that including these 
solving strategies variables would improve accuracy 
in classifying sudoku difficulty because they reflect 
human solving behavior. The Solving Strategies Model 
classified between the three difficulty levels with 78% 
testing accuracy, significantly higher than the Simple 
Model’s accuracy. This result indicates that the 
sudoku strategy metrics improved the model’s ability 
to classify sudoku difficulty.

INTRODUCTION
	 Sudoku puzzles have been studied by both mathematicians 
and computer scientists for their combinatorial complexity and 
the challenges they pose in solving and classification. They 
are often modeled as variants of Latin squares, which are n 
x n grids for which each row and column contains numbers 1 
to n (1). Sudokus, however, have the additional constraint of 
their 3x3 subgrids. One sudoku-related query is the number of 
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sudoku difficulty well when compared to human solving times 
(8). Another paper suggested classifying sudoku difficulty by 
counting the number of solving rounds (a “round” being the 
number of simple moves or one high-level move) necessary 
to solve a puzzle (9). While this method prioritizes human 
solving ability, it is less efficient than other methods because 
the classification process requires the complete solving of 
each sudoku. This study also found that the number of clues 
somewhat correlates to the level of solving strategy needed 
to solve the sudoku (9).
	 In this study, we investigated how different variables, 
especially variables relating to the efficacy of solving 
strategies on sudoku puzzles, predict sudoku difficulty. Our 
initial dataset was 6,000 sudoku puzzles from puzzle-sudoku.
com and their given difficulty ratings (10). Here, we used two 
models: the Simple Model, which was trained only on the 
number of clues and other easily quantified difficulty metrics, 
and the Solving Strategies Model, which was trained on 
additional features pertaining to the efficacy of several solving 
strategies on the puzzles. These variables were determined 
primarily by our computer program performing one or two 
rounds of a strategy on a puzzle and determining the number 
of cells solved. 
	 Examining differences in accuracy between the two 
models enabled us to understand the effects of using 
solving strategies variables. Both models were random 
forest classifiers, which are simple, fast, and effective on 
datasets for which there is little knowledge; they also tend 
to perform better on smaller datasets like ours than CNNs or 
other neural networks. To maximize efficiency, we used only 
simple solving strategies, such as “hidden singles”, “obvious 
singles”, and “naked pairs.” Our computer program also did 
not completely solve the puzzles, saving time.

	 Our hypothesis was that variables pertaining to the 
efficacy of various solving strategies on sudoku puzzles would 
improve predictions of sudoku difficulty. When classifying 
between three levels of difficulty, the Solving Strategies 
model performed with significantly higher testing accuracy 
than the Simple Model, affirming our hypothesis. By training 
more models with different combinations of variables, we 
discovered the particular effectiveness of using the “naked 
pairs” strategy in classifying sudoku difficulty. We speculate 
that the Solving Strategies Model was effective in its 
classification because it considers human solving practices.

RESULTS
	 To examine the predictive power of different types of 
features for determining sudoku difficulty, we computed 17 
predictive variables for sudoku difficulty from 6,000 puzzles 
from puzzle-sudoku.com (Table 1). The first nine variables, 
the simple metrics, considered the number, variation, and 
placement of clues. The eight solving strategy variables 
related to the efficacy of the “obvious singles”, “hidden 
singles”, and “naked pairs” strategies on the puzzles (Figures 
1,2). They were primarily calculated by performing one or two 
“rounds” of a certain strategy on the puzzles and counting 
how many cells were filled in the process. 
	 The classification task had three classes (0, 1, and 2) 
based on the six difficulty ratings given on puzzle-sudoku.
com (basic, easy, intermediate, advanced, extreme, and 
evil). Each class grouped together two difficulty levels from 
the website. For example, basic and easy difficulties were 
grouped together into class 0. Our first step was training 
two random forest classifiers, one that excluded solving 
strategies variables (the Simple Model) and one that included 
all variables (the Solving Strategies Model). For each 
classifier, we split the data into 80% training and 20% testing, 
with both training and testing data evenly divided between 
the three difficulty classes. The Simple Model performed with 
44% accuracy on the testing data, and the Solving Strategies 
Model performed with 78% accuracy on the testing data; both 
models performed with 100% accuracy on the training data 
(Table 1). The difference between the accuracies of the two 
models was statistically significant (p<0.05). 
	 We then compared the difficulty predictions of the Solving 
Strategies Model on the testing data to the true difficulty 
labels in a confusion matrix; these results showed that the 
Solving Strategies Model had the highest accuracy identifying 
Class 0 sudokus and the lowest accuracy identifying Class 
1. The most common mistakes made by the model were in 
differentiating between Classes 1 and 2 (Figure 4). 

Figure 1: Sudoku board displaying “obvious single” and 
“hidden single” solving strategies. The yellow highlighted cell 
is filled in “1” using obvious single strategy (the green highlighted 
cells eliminate all other possibilities). The purple highlighted cell is 
filled in “7” using hidden single strategy (no other cell in its 3x3 box 
has possibility “7”).

Figure 2: “Naked pair” method in 3x3 box. Two of the cells in the 
3x3 box only have possibilities “2” and “3”, and therefore the third 
empty cell cannot be filled with either. This red cell can only be an “8”.
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	 To determine which features in the Solving Strategies 
Model were the most powerful predictors of sudoku difficulty, 
we calculated the mean decrease in impurity (MDI) for each 
feature. MDI measures the importance of a feature in a model. 
The feature with the highest MDI, 0.314, was the number of 
solvable cells within two rounds of the strategy “naked pairs.” 
We also trained 17 new models, each with only one feature 
from the Solving Strategies Model. Of these new models, 
the feature that classified with the highest accuracy of 57% 
was the same “naked pairs” feature which had the highest 
MDI (Figure 3). The models with features pertaining to pairs 
solving, singles solving, and simple metrics classified with 
accuracies 46–57%, 44–45%, and 33–42%, respectively 
(Figure 3). 
	 Finally, to determine which of the eight solving strategy 
variables were significant in improving the accuracy from the 
Simple Model to the Solving Strategies Model, we trained eight 
models that included one solving strategy variable alongside 
all variables from the Simple Model. Only one strategy feature 
significantly improved the accuracy of the Simple Model: the 

total number of solvable cells within two rounds of “naked 
pairs” (p<0.05) (Table 2). The feature which was the number 
of naked pairs and triples also trended towards improving 
the model, although the improvement was not statistically 
significant (p=0.056) (Table 2).

DISCUSSION
	 We aimed to classify sudoku difficulty by testing different 
variables for their ability to predict sudoku difficulty. We 
especially tested variables that reflect the efficacy of various 
simple solving strategies on sudoku puzzles. We trained the 
Simple Model on variables relating to the number, placement, 
and variation of clues and the Solving Strategies Model on 
variables relating to the efficacy of solving strategies. The 
Solving Strategies Model and the Simple Model had testing 
accuracies of 78% and 44%, respectively, a difference proven 
to be statistically significant. We then trained more models 
on different combinations of variables to determine which 
specific variables were the most powerful in predicting sudoku 
difficulty.

Table 1: List of features examined for determining sudoku puzzle difficulty. Green indicates simple metrics, and yellow indicates solving 
strategy metrics.
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	 The Simple Model had a testing accuracy of 44% when 
classifying between the three difficulty levels. Therefore, 
while the number of clues, average number of possibilities 
per empty cell, clue placement, and clue variation may be 
somewhat correlated to sudoku difficulty, these variables alone 
predicted sudoku difficulty poorly. The Solving Strategies 
Model’s significantly higher testing accuracy of 78% indicates 
that including solving strategy variables improved the 
predictions of sudoku difficulty. The 100% training accuracies 
of both models suggest that there was likely some overfitting, 
but the final 78% testing accuracy indicates that the Solving 
Strategies Model went beyond memorizing training examples. 
The effectiveness of the solving strategy variables may be 
caused by their link to human solving behavior.
	 Only one solving strategy variable, the number of 
solvable cells within two rounds of the “naked pairs” strategy, 
significantly improved the Simple Model by itself. The number 
of naked pairs and triples trended towards improving the model, 
but the difference was not significant. None of the variables 
pertaining to the singles solving strategies, “obvious singles” 
and “hidden singles,” significantly improved the accuracy of 
the Simple Model, indicating that the “naked pairs” strategy 
variables had greater predictive power. The superiority of the 
“naked pairs” variables was also supported by their higher 
MDI values and individual predictive accuracies. The greater 
complexity of the “naked pairs” strategy might explain its 

better performance within the Solving Strategies model, 
indicating that more difficult strategies may better predict 
puzzle difficulty. 
	 Our experimentation had several limitations and sources 
of bias. For example, we measured only five values to 
represent clue placement and only two values to represent 
clue variation. Additionally, we accounted for only a few of 
the many sudoku solving strategies in this study. While the 
accuracy of the final model was 78%, the model accuracy 
decreased when distinguishing between difficulty Classes 
1 and 2 (intermediate/advanced and extreme/evil). This 
is likely because there is more similarity between those 
difficulty levels, at least by our metrics. Perhaps including 
more complex strategies in the study, such as Swordfish 

Figure 3: Testing accuracies of random forest models trained on individual variables from the Solving Strategies Model. The model 
included three categories of variables and the variables based on the “naked pairs” strategy performed with the highest accuracy.

Table 2: Testing accuracies for the Simple Model and the Solving 
Strategies Model. The Simple Model was trained on number of 
clues, clue placement, clue variation, and the average number of 
possibilities per empty cell. The Solving Strategies Model contained 
these features and features related to solving strategies. The Solving 
Strategies Model had significantly higher testing accuracy according 
to the Stuart-Maxwell test (p<0.05).
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or X-wings, could increase the model’s ability to distinguish 
more difficult puzzles where those strategies might be more 
applicable. Finally, we only used sudokus and ratings from 
one site, puzzle-sudoku.com, which likely biased our results 
towards this website’s system for separating levels. Other 
sources of puzzles may not use the exact same criteria to 
separate sudokus by difficulty level.
	 Our results suggested that considering human solving 
strategies improves accuracy in classifying sudoku difficulty. 
We also saw that those solving strategies can be analyzed 
with just a few rounds of solving. It is difficult to compare these 
results to those of other studies because sudoku difficulty 
classifiers often differ in their source of base ratings. We 
relied on ratings from puzzle-sudoku.com to label our training 
data, but others have used the number of steps taken by a 
backtracking solver or solving times by real human solvers (7-
8). Future experiments could consider more solving strategies 
of greater complexity, collect more variables relating to clue 
placement and clue variation, or gather a larger dataset of 
sudokus and sudoku difficulty ratings from diverse sources. 

	 Our method for quantifying solving strategy usefulness 
has proven to be successful in determining sudoku difficulty, 
a somewhat subjective quality. Understanding the causes 
of differences in sudoku difficulty may help illuminate how 
humans approach logic puzzles in general and other cognitive 
tasks which involve strategic methods and logical thinking.

MATERIALS AND METHODS
	 Using Selenium IDE, we scraped each clue and empty 
space from 6,000 puzzle-sudoku.com puzzles evenly 
distributed among each of the six levels on the website 
(basic, easy, intermediate, advanced, extreme, and evil). In 
this study, we considered 17 variables. Two related to clue 
variation: the first was the difference between the number of 
appearances of the most common and least common clue, 
and the second was the standard deviation of the number of 
appearances of each number. To account for clue placement, 
we computed five variables: the number of clues in corner 
boxes, the number of clues in edge boxes, the number of 
clues in the center box, the number of clues on the border, 

Figure 4: Confusion matrix showing predictions of Solving Strategies Model and the true difficulty classes for the testing data. 
Class 0 is the easiest level, Class 1 is medium, and Class 2 is the most difficult. The model had greater success identifying Class 0 than the 
other classes and appears to have difficulty distinguishing between Classes 1 and 2. 
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and the number of blocks of orthogonally adjacent clues.  
	 To account for the efficacy of various solving strategies 
(obvious singles, hidden singles, naked pairs/triples), we 
computed a total of eight values. Three of those values 
measured the efficacy of the singles strategy on a sudoku. 
First, our program counted the number of filled in cells after 
solving for all “obvious singles” (cells for which there is only 
one possibility by process of elimination) and “hidden singles” 
(cells with a possible value that is not present in any other 
cell in its 3x3 box, row, or column) (Figure 1). The program 
also counted the number of filled in cells after solving for all 
obvious and hidden singles two times on a single sudoku, 
given the fact that more empty cells become obvious or 
hidden singles after the singles strategy is used once. 
	 The other five solving strategies variables measured the 
applicability of the “naked pairs” strategy on a sudoku. One 
value measured was the number of naked pairs and naked 
triples, which are groups of empty cells in the same row, 
column, or 3x3 box for which the total number of possibilities 
among the cells is equal to the number of cells in the 
group (Figure 2). The naked pairs/triples strategy involves 
eliminating possibilities from cells based on a group of n cells 
in the same box, row, or column with a combined total of n 
possibilities (Figure 2). The number of filled in cells after one 
pair solve, the number of filled cells after two pair solves, 
and the number of solvable cells within two pair solves were 
calculated and appended to the dataset, as was the difference 
between the total number of possibilities of the cells before 
and after two pair solves. 
	 We used random forest classifiers in all testing. Random 
forest classifiers divide a dataset into sub-samples and fit a 
random decision tree classifier to each one. The trees are 
combined into an ensemble (forest) using weights based on 
the individual accuracies of the trees. Each random forest 

classifier used had 160 estimators, a value that was chosen 
through testing to optimize the testing accuracies of the final 
model. No maximum depth was added because our dataset 
was not large enough to warrant one; if this classifier should 
be used in a practical setting, there may be a need to add 
a maximum depth to increase the speed of the model. The 
testing accuracies were calculated as the proportion of 
sudokus in the testing dataset which were classified into 
the correct difficulty level. The training accuracies were the 
proportion of sudokus in the training dataset which were 
classified into the correct difficulty level. All comparisons 
between models were tested for statistically significant 
differences using Stuart-Maxwell statistical tests.
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Table 3: Comparing models trained on all simple metrics and 
one solving strategy feature. Each random forest model was 
trained on all of the features in the Simple Model and one feature 
relating to solving strategies. The p-values, calculated with the 
Stuart-Maxwell test, show the significance of their difference from 
the Simple Model.
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