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SUMMARY

The energy of an atom is extremely useful in
nuclear physics and reaction mechanism pathway
determination but is challenging to compute. Thus,
we aimed to synthesize regression models for Pople
Gaussian expansions of Slater-type Orbitals (STO-
nG) atomic energy vs. atomic number scatter plots
to allow for easy approximation of atomic energies
without using computational chemistry methods.
Using the Hartree-Fock method, we calculated atomic
energies for elements helium to xenon (He to Xe)
using STO-nG electron orbital basis set models. After
calculating atomic energies for each basis set, we
plotted them as tables of atomic energy (in Hartrees)
versus the atomic number. We hypothesized that
there would be a non-linear correlation in the scatter
plot. We first formed the regressions using data from
helium to krypton (He to Kr), and then we added new
data from Kr to Xe. We then calculated the old and
new coefficients of determination, and the difference
between them. Due to their common use in modeling,
exponential, sinusoidal, and quadratic regressions
were tested to model the data. The data supported
the hypothesis that the scatter plots had non-linear
correlations. Sinusoidal and quadratic regressions
had higher initial coefficients, suggesting higher
viability, while sinusoidal regressions also had the
highest average final coefficients, and the lowest
change in coefficients. The data indicated that of the

INTRODUCTION

The term atomic energy refers to the energy carried by
an atom, including its nucleus and electrons. The energy of
an atom is vital in nuclear energy studies, emission series
predictions, and determining reaction pathways for molecules
(1). In the case of reaction pathways, the energies of the
electrons can be used to determine the vibrational frequencies
of the bonds and determine if desired compounds are stable
or not. If they are not stable, alternatives to the compounds,
known as analogs, can be modeled such that they have

similar chemical properties to the original compound, but are
also stable. Such calculations are crucial for pharmaceutical
production and material synthesis.

However, calculations require considerable time, as unlike
calculating potential energies for particles on a macroscopic
scale, electrons and subatomic particles tend to act as both
waves and particles at the quantum level. This phenomenon
is known as wave-particle duality (2). Rather than treating
the electrons as exact particles or pure waves, they are
considered “clouds” that display properties of both. Due to
this nature, it was determined that measurements for such
bodies possessed inherent uncertainties. For example, the
more precise a calculation of the position of an electron is, the
less precise its momentum calculations are (3). Thus, these
clouds are modeled as probability distributions, represented
by what is known as a wavefunction. The wavefunctions of
electrons within atoms are calculated using the Schrédinger
equation, which consequently allows for calculations of other
properties such as atomic energy (4).

The Schrédinger equation is highly accurate when
calculating single-electron atoms and ions’ electron
wavefunctions and atomic energies (5). However, when
progressing to multielectron atoms, due to the electrostatic
repulsion between the negatively charged electrons, the
wavefunctions of the electrons are dependent on each other,
preventing the calculation of accurate atomic energies using
the Schrédinger equation (6).

Numerous computational techniques exist to approximate
the equation. The two most common are Quantum Monte Carlo
techniques, which use repeated random sampling to calculate
atomic energies, and self-consistent field (SCF) techniques,
which start with an initial guess for the atomic energy and
then apply a recursive algorithm to get a converged result up
to a certain number of decimal places (7). Of these two, SCF
methods provide a simplified approach to calculating atomic
energies in their treatment of wavefunctions (8).

We utilized Hartree-Fock, the first SCF method devised.
This was due to its lower runtime compared to other SCF
methods, such as post-Hartree-Fock (PHF). The Hartree-
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Table 1. Regression equations.

Exponential Regression Quadratic Regression Sinusoidal Regression
Eatom = aexp(bZ)+c Eatom = a(Z + b)? +c Eatom = asin(bZ+c)+d
Basis Set a b c a b [4 a b 4 d
STO-2G -711.494  0.0455887 993.695 -3.10222  -6.44133 -55.4310 9.72970-107° 7.98550-10-6 1.57074 9.72970-1010
STO-3G -280.179  0.06759 394.637 -2.68347  -4.41653 -25.8120 1.13920:10™ 6.86374-10-6 1.57077 1.13920-10%°
STO-4G -715.727  0.0455534 999.055 -3.11220  -6.42516 -55.7641 1.44880:10"3 6.55460-10-7 1.57079 1.44880-10"3
STO-5G -280.043  0.0675985 394.471 -2.68283  -4.41766 -25.7985 3.62780-101° 1.21615:10° 1.57074 3.62780-10"°
STO-6G -280.179  0.067594 394.637 -2.68347  -4.41653 -25.8120 1.20160-10™ 6.68316-10° 1.67077 1.20160-10"

NOTE: Coefficients of formulated calculated exponential, quadratic, and sinusoidal regressions using atomic energy (in Hartrees (Ha)) vs.

atomic number from elements He-Kr, using Desmos.

Fock method has applications in calculating not only
multielectronic atomic energies and quantum states, but
also molecular orbitals, stability, and vibrational modes. It is
used in biochemistry, pharmaceuticals, organic and inorganic
chemistry, and material science, among other fields (9).

The foundation of the SCF method is the initial guess
for the electron wavefunctions. These initial models are
known as basis sets and are divided into Slater-type orbitals
(STO) and Gaussian-type orbitals (GTO). STOs function as
modeled approximations of the polar form functions of an
electron orbital, and the time required for STO-based SCF
calculations is greater than GTO-based ones. GTOs are
easier to calculate but less accurate than STO basis sets (10).

While individual GTO functions are not accurate enough
for SCF calculations, they can be summed together through
linear combinations to approximate STOs in what is known as
a contracted-GTO (CGTO) basis set (11). The size of a CGTO
basis set is the number of GTO orbitals summed together
for one electron orbital. The smallest CGTO basis sets, also
known as minimal basis sets, are the Pople STO-nG basis
sets, where n represents the size of the set (12).

Smaller basis sets, especially the STO-3G to STO-6G
basis sets, are commonly used for basic atomic and molecular
energy calculations due to their short calculation times.
Although the accuracy of the calculations increases as the
size (or the number of functions approximating each electron
orbital) of the basis set increases, the program runtime rises
(13). Moreover, the smaller STO-nG basis sets are used as
foundations for other specialized basis sets (14). Thus, the
smaller STO-nG basis sets are still commonly used.

The applicability of atomic and molecular energy
calculations calls for more efficient methods of calculating
SCF energies, especially for non-computational chemistry
researchers. Thus, we sought to investigate effective and
intuitive methods for atomic energy calculations. First, we
decided to use a Python-based computational chemistry
library for calculations (PySCF) and observe its potential in
calculating atomic and molecular energies from scratch for
future investigations.

Second, for atomic energies alone, we aimed to model
a relationship between atomic number and STO-nG atomic

energy. We sought to determine how to calculate the atomic
energies for the common STO-nG basis sets without SCF
methods. Moreover, STO-nG basis set calculations have
yet to be standardized beyond Xe, as there are numerous
different STO-nG basis set variations caused by adding extra
functions to model the increased number of orbitals beyond
Xe. Thus, our models also aimed to identify the feasibility of
predicting the STO-nG energies of elements beyond Xe. It
must be noted that these models should be interpreted at
whole-number values of atomic number only, and do not have
any significance at fractional values.

Our experiment aimed to calculate atomic energies for
elements from He to Xe using STO-nG basis sets (from n=2
to n=6). We hypothesized that the increase in the atomic
energies would be non-linear, as the energy of interelectronic
Coulombic repulsion, especially between valence and inner
shielding electrons, would increase faster than the energy of
the individual electrons and protons themselves, leading to
a non-linear atomic energy increase. We found that the data
supported our hypothesis, and that sinusoidal regressions
seemed to fit the data best out of the tested regressions.

RESULTS

We aimed to calculate the STO-nG energies using PySCF,
then use them to plot atomic energy versus atomic number
and see if any regressions could be feasibly modeled.
Exponential, quadratic, and sinusoidal regressions were
selected for testing, as the three models were fundamental
and commonly used functions in modeling.

Regression equations were first formulated using atomic
energy data from He to Kr (Table 1). The feasibility of the
regression models was evaluated by calculating the coefficient
of determination (R?) for the data sets, with a maximum
degree of precision of four significant figures as offered by
the software. The R? values of the quadratic and sinusoidal
regressions remained at a constant value of 0.9996 for all
five basis sets, while the coefficient varied for the exponential
regression, with a mean of 0.9983 and a standard deviation
of 0.0002 (Table 2). STO-2G was found to have the lowest
exponential regression coefficient value of 0.9981, while
STO-5G and STO-6G had the highest value of 0.9985.
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Table 2. Regression original coefficients of determination.

Coefficients of Determination before New Data (R?)

Regression STO-2G  STO-3G STO-4G STO-5G STO-6G Average Standard Deviation
Exponential 0.9981 0.9982 0.9982 0.9985 0.9985 0.9983 0.0002
Sinusoidal 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.0000
Quadratic 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.0000

NOTE: Calculation of coefficients of determination for the five basis sets, with regressions calculated with atomic energy (Ha) vs. atomic

number data from elements He-Kr, using Desmos.

After the approximative capacity of the regressions was
tested through regression formulation using the first 35
elements from He, the predictive power of the regression
models was evaluated. Keeping the formulated regressions
fixed, the data set was changed to include all the atomic energy
values up to element fifty-four, Xe. With eighteen new data
points, the R? values of the regressions were recalculated.
The new R? values decreased from the original values, except
for STO-4G exponential and STO-4G sinusoidal models,
where they remained the same. The exponential regressions
had the lowest mean new R? value of 0.8997, with a standard
deviation of 0.0899. The sinusoidal regressions had the
highest mean value of 0.9959, with a standard deviation of
0.0039. The quadratic regressions had a mean new value of
0.9826, with a standard deviation of 0.0270 (Table 3).

To understand if there was a relationship between basis set
size and an increase in the magnitude of the residuals of the
regressions modeling the basis sets, the average difference
in the coefficients of determination was also calculated for
each basis set. The differences between the old and the
new R? values were calculated to quantitatively observe the
change in the degree of regression correlation with the atomic
energy vs. atomic number data set for each basis set. The
mean difference for exponential regressions was the largest
in magnitude, at -0.0986, with a standard deviation of 0.0896.
The mean difference for sinusoidal regressions was the
lowest in magnitude, at -0.0037, with a standard deviation of
0.0039. The mean difference for quadratic regressions was
-0.0170, with a standard deviation of 0.0270 (Table 4). The
average difference for all three regressions of a basis set had
the lowest magnitude for the STO-2G basis set regressions
at -0.0013, and the second lowest for the STO-4G basis set.
In contrast, the other three basis sets had similar differences,

Table 3. Regression new coefficients of determination.

with STO-5G possessing the highest average difference of
-0.0595 (Figure 1). On further inspection of the regression
functions, it was also observed that the method of least
squares parameters for the STO-2G and STO-4G basis sets
for the exponential and quadratic models were similar, while
the parameters for the other three basis sets were similar,
with these two sets of regressions having notable differences
in their parameters.

DISCUSSION

As the graph suggests, the data of STO-nG atomic energy
vs. atomic number does not form a linear correlation, thereby
supporting our hypothesis. The coefficients of determination
of the three models suggest how feasible they are as models
for the data set — the higher the coefficient, the greater the
correlation between the data points and the regression
model. The mean was calculated for each regression to
get an average value of how well they correlated with the
atomic energy data sets. We observed that the quadratic
and the sinusoidal regressions had a higher coefficient of
determination, while the exponential regression had lower
coefficients of determination. This suggests that the quadratic
and sinusoidal regressions correlate better with the data set
than the exponential regressions.

The quadratic and sinusoidal regressions were observed
to have equal coefficients of determination. It must be noted
that the sinusoidal regressions specifically have function
parameters orders of magnitude below the range of the data
presented. This may suggest that in the context of the data,
the data set range may be small enough for the sinusoid
function to model it at lower parameters. Further testing must
be done for sinusoidal functions to confirm this.

There are multiple ways in which prediction models can

Coefficients of Determination after New Data (R?)

Regression STO-2G  STO-3G STO-4G STO-5G STO-6G Average Standard Deviation
Exponential 0.9971 0.8297 0.9982 0.8367 0.8367 0.8997 0.0895
Sinusoidal 0.9976 0.9969 0.9996 0.9894 0.9958 0.9959 0.0039
Quadratic 0.9986 0.994 0.9344 0.993 0.993 0.9826 0.0270

NOTE: Calculation of coefficients of determination for the 5 basis sets for the calculated regressions, after the addition of new atomic energy

(Ha) vs. atomic number data from elements Kr-Xe, using Desmos.
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Table 4. Regression coefficient differences.

Difference in Coefficients of Determination (R?)

Regression STO-2G STO-3G STO-4G STO-5G STO-6G Average Standard Deviation

Exponential ~ -0.0010 -0.1685 0 -0.1618 -0.1618 -0.0986 0.0896
Sinusoidal -0.0020 -0.0027 0 -0.0102 -0.0038 -0.0037 0.0039
Quadratic -0.0010 -0.0056 -0.0652 -0.0066 -0.0066 -0.0170 0.0270

NOTE: Calculation of difference between final and initial coefficients of determination for the calculated atomic energy (Ha) vs. atomic number
regressions for the 5 basis sets (i.e., coefficients before and after new data was added) using Desmos.

be tested. One of the most commonly used is establishing a
training set, and then testing using a test set. In this case, our
training set was selected as He to Kr, and our test set as He
to Xe. To compare how well the correlation of the prediction
model fit with the testing set, the difference in the coefficient
of determination was calculated between the testing and
training sets. These differences represent the addition of new
data that affected the correlation of the data set.

If additional data is added and the coefficient decreases,
then it implies that the new elements in the training set have
introduced greater unexplained error and are not modeled as
well, suggesting that further predictions beyond the test set
would have even more residual error. For all three models,
we found that the addition of new data generally led to a
decrease in the coefficient of determination, implying that
further prediction would not be possible due to increasing
error. The average magnitude of difference in values for the
exponential regressions after and before the new data for
all basis sets was the highest among the three regressions.
The data suggests that sinusoidal regressions had the least
average magnitude of difference in  values, followed by
quadratic regressions.

Of the three regressions, sinusoidal regressions had the
least change in correlation after new data was added and
remained the most consistent in data correlation after the new
data is included. This implies that of the three regressions,
sinusoidal regressions were the most viable for predicting the
atomic energies of elements beyond Xe, as they generated
the least residual error when new data was tested. For all
the basis sets, the quadratic and sinusoidal regressions saw
a gradual increase in the magnitude of negative residuals
concerning to the atomic energy vs. atomic number data set,
in contrast, the exponential regressions saw a sharp increase
in the magnitude of positive residuals (graphs with residuals
in Appendix 3).

However, the testing of the model raises several questions
and areas for further research. Firstly, the sinusoidal model
already demonstrated a great difference in the order of
magnitude of the regression parameters and the range of
the atomic energy dataset. Thus, further modeling for the
sinusoidal regression is required to see if it truly provides
meaningful results. Moreover, there were two functions
where the coefficient of determination did not change with the
addition of the test set. These are the STO-4G exponential

and sinusoidal sets. For the sinusoidal sets, the lack of a
change in the coefficient of determination may be attributed to
its small parameters allowing it to be a good fit, nonetheless.
However, two questions are raised: why does the coefficient
remain constant for the exponential regression when the
rest of the basis sets see great differences in the coefficients
for the exponential model, and why do both anomalies are
occurring with the STO-4G set? We hypothesized that this
correlation was either an error present in the method of least
squares used to determine the regressions by Desmos or that
there could be a relationship between the basis set and the
general correlation of the three tested regressions with that
set’s atomic energy data.

We found that the average coefficient difference for the
STO-2G and STO-4G sets was much lower in magnitude
than the average coefficient difference for the other three
basis sets, with the difference in magnitude being greatest for
the STO-5G data set. This was supported by a similar method
of least squares parameters for STO-2G and STO-4G sets’
regressions that were not found in the other sets’ regressions.
The observation of this data suggests that the parameters
generated by the method of least squares technique on
Desmos have reached different convergent minimums
for the different basis sets. Further testing is required on
other regressions to support the functions formulated using
Desmos.

The data supported our hypothesis that the plots of STO-
nG Hartree-Fock atomic energy vs. atomic number would
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Figure 1. STO-nG basis set average coefficient difference vs.
basis set size. A bar graph displaying the variation of the average
regression coefficient of determination difference for each basis set,
with respect to the size of the basis set. Error bars show mean * sd.
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be non-linear. When testing the regressions, we found that
the sinusoidal regression and the quadratic regression had
a greater initial correlation with the data than the exponential
regression. After introducing the test set, we discovered
that exponential regressions had positive residuals, while
quadratic and sinusoidal regressions had negative residuals.
The exponential functions had greater decreases in the
coefficient of determination when new data was introduced
compared to the quadratic and sinusoidal functions,
suggesting that they were susceptible to more residual error
if used to predict atomic energies beyond Xe.

However, these suggestions also came under scrutiny
due to further analysis showing that the models for the STO-
2G and STO-4G database had different parameters when
compared to the other basis sets and were also generally
better correlated compared to the other three basis sets.
Moreover, the parameters of the sinusoidal set were much
lower in order of magnitude than the magnitude of the atomic
energies themselves, implying that the sinusoidal models
may not be as effective or meaningful in their predictions.

Basic future research developing on this experiment
would involve conducting more trials in generating the
same regressions using Desmos, and comparing them to
regressions generated by other software, to identify whether
the anomalies identified were software issues or actual trends.
More functions can be tested for regression modeling, such
as Gaussian bell-curves, to observe if there are functions
with higher coefficients of determination for the data sets.
Moreover, future work could also compare PySCF data to
previously calculated STO-nG energies, which our research
group plans to do in our upcoming research.

MATERIALS AND METHODS
Schrédinger equation and Hartree-Fock method

The Schrédinger equation is a partial differential
equation that solves for the energy of an electron in an
atom. The Schrédinger equation, where the calculation of
the Hamiltonian (which represents the total energy of the
atom) is independent of time, can be written as an eigenvalue
equation (Equation 1).

Hy = Ey (1)

H represents the Hamiltonian of the atom, y represents
the wavefunction of the electron, and E represents the energy
of the electron.

The Hartree-Fock method acts as an approximating
computational extension to the Schrddinger equation for
multielectron atoms. Firstly, the many-electron wavefunction
is approximated to be a product of the orbital wavefunction of
each electron in the atom (Equation 2) (16).

P(P1, T2y ey T) = H(p(ri) 2)

n
i=1

The multielectron wavefunction w for n electrons is the

product of the atomic orbital wavefunctions ¢ of the electrons.

However, this allows for the existence of two electrons of
the same energy level and angular momentum in an atom,
which is not possible as per the Pauli exclusion principle (17).
Thus, the spin states of the electrons must also be considered,
which is done by calculating the Slater determinant of the
many-electron wavefunction approximation. This allows for
the calculation of the electron energies and the multielectron
wavefunction in terms of the spin orbitals of the electrons (18).

The spin orbitals are then calculated through the
variational method, where the wavefunction of electron i is
first calculated independently, then the wavefunction for j is
calculated using the field of i as the average field, and the
process is repeated, switching between the wavefunctions
of i and j until the ground state electron energy has been
minimized. This process can be conducted for any number
of electrons.

After the spin orbitals have been determined, they can be
substituted into the Hartree-Fock equation to solve for the
energy of one electron spin-orbital (Equation 3).

fiys = eahs (3)

This is an analog to the Schrddinger equation for a
single electron spin-orbital. , represents the wavefunction
of electron i, ¢, represents the energy of the electron, and f,
represents the Fock operator for the electron, which is the
analog to the Hamiltonian for the atom but includes the energy
of interelectronic Coulombic repulsion.

This can then be converted into a matrix equation
calculable for the atomic energy, through the Roothaan-
Hall equation, an analog of the Schrddinger equation for the
Hartree-Fock method (Equation 4) (19).

FC = SCe (4)

F represents the Fock matrix, the sum of H (the core
Hamiltonian matrix) and G (the interelectronic Coulombic
repulsion matrix). S represents the overlap matrix, calculating
the overlap in electron orbitals. C represents the orbital
coefficients, which is a linear combination of the calculated
spin orbitals of the electrons. € represents the diagonal energy
matrix, which stores the values of the individual ground state
energies of the electrons.

Thus, the atomic energy can be calculated using the
Roothaan-Hall equation. This calculation can be repeated
recursively, using the results of a calculation as the basis for
another Hartree-Fock calculation, until the atomic energy
converges for a certain number of decimal digits. Thus,
Hartree-Fock, and other similar recursive methods are called
the Self-Consistent Field (SCF) methods.

PySCF algorithm structure
PySCF is a peerreviewed Python
optimizations facilitating Hartree-Fock and other

library with C
SCF
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calculations using GTO basis sets. The PySCF library
functioned as the foundation of our research algorithms (20).
While PySCF is preinstalled with basis sets for common
elements, it does not provide bases for larger elements.
Thus, STO-nG basis set data was obtained from the BSE
library, which called on data from the Basis Set Exchange
GTO database (21). Using this, atomic energy states were
calculated using PySCF for He to Xe using the BSE STO-
nG basis sets, and then displayed as LaTeX tables using the
Matplotlib library (22).

As opposed to getting the data from online sources,
PySCF was used explicitly for future projects that the research
group aims to work on. To investigate ways in increasing the
accuracy and decreasing program runtime for atomic, and in
the future, molecular calculations, PySCF’s calculations were
tested and compared with previous studies, and its runtimes
were also gauged separately to identify if it would be a viable
program library for calculations run from scratch. In this light,
future testing will also observe PySCF’s calculations for
smaller and larger organic molecules, wherein data for many
compounds cannot be found in online databases yet.

A general program for a set of elements and an STO-nG
basis set is structured as follows. After importing the libraries,
the STO-nG basis sets for the elements are imported from

1000

the BSE. Then, the Hartree-Fock function is defined, taking
in inputs of the element symbol, basis set, and number of
unpaired electrons, and calculating the Hartree-Fock energy
of the atom via PySCF. This energy is saved in a list, along
with the element symbols. This list is then printed as a LaTeX
table by Matplotlib, with columns of ‘Element Symbol’ and
‘STO-nG Atomic Energy.’

This algorithm was modified for each STO-nG basis set
(2G to 6G) and used to calculate and display the energies
of the elements. To allow for simultaneous execution of the
programs, they were divided into the elemental groups of He-
Ne, Na-Ar, K-Ca & Rb-Sr, Sc-Zn, Ga-Kr, Y-Cd, and In-Xe (see
Appendix 1). Consequently, 42 LaTeX tables were created
for each elemental group and basis set (see Appendix 3).
These were then converted into Microsoft Excel tables using
OCR software, and then used to plot regressions of atomic
energy vs. atomic number.

Regression formulation and evaluation

After the conversion of the LaTeX files into Microsoft
Excel tables, the data was reorganized into one table with the
columns of atomic number (Z), and STO-nG atomic energy
in Hartrees (E_,_/Ha), with one column for each n from 2 to 6

atom’

(see Appendix 2). Data from He-Kr (elements 2-36) was first

Atomic Number

Atomic Energy (Ha)

o
E
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.
.
.
-
n
S
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Figure 2. STO-nG Hartree-Fock atomic energy (Hartrees) vs. atomic number for elements, He-Xe. Desmos scatter plot data of STO-
nG Hartree-Fock energy vs. atomic number. The image on the left shows all 58 data points. The right side of the figure is a magnification at
atomic number 54, corresponding to the energies for Xe, to show the distribution of the 5 basis sets’ calculated energies. To view each graph

in more detail, see Appendix 3.
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processed into scatter plots for each STO-nG basis set, and
the correlation of the plots was qualitatively categorized.

The complete list of STO-nG atomic energies vs. atomic
number that we calculated and tabulated can be found in
Appendix 2. Graphing the data yielded non-linear scatter
plots (Figure 2). Basis sets were first imported from the
Basis Set Exchange for Hartree-Fock energy calculations.
This data was tabulated as LaTeX table images by Matplotlib,
and then converted into editable Excel tables using online
optical character recognition (OCR) software. From here,
data for each basis set (n=2 to 6) from He to Kr was used as
a training set to model exponential, quadratic, and sinusoidal
regressions. All the data from He to Xe was then used in
testing the prediction capabilities of the model. This process
has been represented as a flowchart (Figure 3).

Only three regression models were tested due to time
constraints. The quadratic model was also selected due to
its foundation in the Rydberg equation, which postulated a
direct relation between electron energy and the square of the
atomic number (15). While the Rydberg equation is accurate
only for monoelectronic ions and atoms and includes other
factors such as the shielding of the protons from the valence
electrons by the inner electrons, testing was nonetheless
done to observe the accuracy of the quadratic model for
multielectronic atoms as well.

Testing was conducted using Desmos. To test our
hypothesis, the approximative power of the regressions was
first tested by constructing the selected regressions for data
from He to Kr (elements 2-36) and calculating the R? values,
and then the predictive power of the regressions was tested
by adding in data from Rb to Xe (elements 37-54). From here,
the new R? values were compared with the older values, and
the difference between them was calculated and tabulated for
an analysis of the model’s predictive capabilities, and to see
if any regression fit consistently for all 5 STO-nG basis sets.

Coefficient of determination calculation

For the data set of atomic energies used to build the
regression (represented as values y,, y,, ..., ¥, with mean y),
and the predicted set of energies by the modeled function
for those atomic numbers (represented as f, f, ..., f), the
residual error for a specific data point is calculated as the
difference between actual and predicted values (Equation 5).

e =yi— fi (5)

For an x-axis value (in this case, atomic number) j, there
is a corresponding atomic energy in the data set of y, a
predicted atomic energy by the model of f, and a residual of
e, This error is positive if the actual data point exceeds the
predicted value, and vice versa for negative error.

Using the residuals, the coefficient of determination can
be calculated for a regression model (Equation 6).

Basis sets
obtained from
BSE

Atomic energies
calculated - PySCF

~~

Atomic energy vs. atomic
number LaTeX tables

Testing set data then used to see

generated - Matplotlib changes in R? for the modelled
regressions - Desmos

Matplotlib tables Data used as training
turned into Excel set for regression
. i 2
tables using OCR building and R
calculation - Desmos

Figure 3. Method flowchart. Simple flowchart depicting the steps in
the procedure. BSE — Basis Set Exchange, OCR — Optical Character
Recognition.
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R=1-—""""
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The coefficient of determination R2? can be calculated
as one minus the fraction of variance unexplained, which
represents the error unaccounted for by the model. This
fraction is calculated as the sum of the residuals squared over
the total sum of squares, which is the sum of the squares of
the differences between the dataset energy values and the
dataset mean (23).

The coefficient of determination measures how well a
regression model fits a dataset. As the magnitudes of the
residuals decrease, the value of the coefficient increases.
Thus, the maximum coefficient of determination value is 1, and
the minimum is 0. Consequently, Desmos uses the method of
least squares to form the regressions, which calculates the
coefficients for a function to minimize the sum of squares of
the residuals (24). This is done through an initial approximation
of the coefficients, which then undergoes a recursive process
to optimize the coefficients until they converge at a minimum
value for the square of the residuals.

General procedural improvements

To increase the efficiency of the experimental procedure,
modifications to the investigation are to be instituted for future
research and experiment repetition. A major inconsistency
was the transfer of data between various applications — first,
the data was organized through LaTeX tables as .png images
created by Matplotlib. Then, the data was converted into
Microsoft Excel .xIs tables to allow for editing via OCR, and
finally, it was transferred to Desmos for graphing. This three-
step approach was adopted due to the strengths of each
application: Matplotlib presented the easiest tabular data
arrangement approach in Python compared to other tabulation
libraries, while Excel allowed for easy data manipulation and
division as required on spreadsheets, and Desmos provided
intuitive graphical representation and regression validation
methods.

However, each transfer step also introduced an area of
potential random error in the final regression model built.
First, when converting from .png to .xls, the OCR software

Journal of Emerging Investigators « www.emerginginvestigators.org

5 October 2023 | VOL6 | 7



EMERGING INVESTIGATORS

rendered certain numbers as letters, such as the digit ‘5’ in
the image being converted to ‘S’ in the .xls file. Moreover,
certain images yielded a conversion between the digits ‘1’
and ‘7’ from the image to the file. On Desmos, the regression
functions generated only had constants of six significant
precision figures, while the determination of coefficients
were only calculated to four significant figures. Procedural
controls were established to ensure that the error generated
at each step was prevented or minimized, such as checking
the OCR results with the original image numerous times, by
all researchers, to correct any typographical errors and to
confirm that the data was accurately converted between file
formats.

While Matplotlib and Microsoft Excel also had graphing
abilities, Desmos was selected over the two due to the ability
to rescale and size the scatter plot graph generated easily
and to add new data to the table to check the change in the
R2 value. However, in future experimentation, changes will
be made to decrease the time spent on data transfer (such
as in the OCR conversion and rechecking), and to increase
the precision of measurements. To eliminate the need for
the OCR, the data will be outputted by PySCF as a .txt file
for easy transfer to a spreadsheet in the immediate future.
Further investigation needs to be conducted on potential
table-generating Python libraries that allow for copying and
pasting of data from the output to a spreadsheet.

Our future research will shift to specialized scientific data
processing and regression-building software, such as Vernier
Software and Technology’s Logger Pro 3. While the procedure
for regression validation on Logger Pro 3 involves more steps
than on Desmos, it provides a degree of precision of nine
decimal places for all regression calculations. Logger Pro also
has numerous presets for fundamental regression function
building, such as for exponential and sinusoidal regression
formulation for dependent variable vs. independent variable
scatter plots. Thus, the number of data transfer steps, and the
level of random error in the results will be decreased.
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APPENDIX 1

Link to GitHub repository with the Python code for the algorithms generated using PySCF-BSE-Matplotlib for Hartree-Fock energy calculation
and LaTeX tabular organization: https://github.com/ZarseemDyartes/PySCF-Atomic-Energy-Calculations.

APPENDIX 2
Atomic Energy (E/Ha)

Atomic Number (Z) 5TO-2G STO-3G 5TO-4G 5TO-5G 5TO-6G
2 -2.702157146 -2.807783957 -2.83572599| -2.843769817| -2.846292095
3 -7.070820937 -7.315526006| -7.376840257| -7.394279132 -7.39993123
4 -13.89023661 -14.3518804| -14.46236256| -14.49316935| -14.50336112
5 -23.39528431 -24.14898866| -24.32912956| -24.37836956| -24.39429456
6 -36.06027444 -37.19839255| -37.47532927| -37.54919293 -37.5723641
7 -52.09700681 -53.71901019| -54.11377517| -54.21730961( -54.24911199
8 -71.57230462 -73.80415026| -74.33687433 -74.4749011| -74.51681631
9 -95.01508371 -97.98650503| -98.68168655| -98.85972134| -98.91325302

10 -122.746034 -126.6045251| -127.4867437| -127.7100967| -127.7767383
11 -155.1599512 -159.6682113| -160.7020065| -160.9572012| -161.0339378
12 -191.4415463 -197.0073545| -198.2596384 -198.568031| -198.6600649
13 -232.0976666 -238.8583582| -240.3343878| -240.7025685( -240.8132643
14 -277.4348738 -285.4662112| -287.1846191| -287.6144056( -287.7446309
15 -327.4946451 -336.8687695| -338.8444164| -339.3387656( -339.4896405
16 -382.3200557 -393.1302194| -395.3853654| -395.9492771( -396.1222861
17 -442.2092562 -454.5421925| -A57.1127484| -457.7536431( -457.9504176
18 -507.2492732 -521.2228808| -524.1111039 -524.831786 -525.054179
19 -577.5016492 -593.0773887| -596.2010433| -596.9703008( -597.2072987
20 -652.5536168 -669.9888706| -673.4512749 -674.306045| -674.5707042
21 -732.6267758 -752.0012| -755.8315068| -756.7673674| -757.0580355
22 -818.0237591 -839.5533112| -843.7899486| -844.8188212| -845.1287776
23 -909.1963154 -933.0118294| -937.6697945| -938.7973008| -939.1340302
24 -1005.746566 -1032.074417| -1037.187566| -1038.423019| -1038.803672
25 -1108.799934 -1137.332377 -1142.90814| -1144.256307 -1144.67137
26 -1217.055675 -1248.302373| -1254.395328| -1255.790826( -1256.597396
27 -1331.803591 -1366.04936| -1372.686712| -1374.269047| -1374.688109
28 -1452.626838 -1490.041629| -1496.878246 -1498.85689| -1499.342889
29 -1577.449908 -1620.246154| -1627.958355| -1629.793988 -1629.94936
30 -1712.014001 -1756.276904| -1764.598857| -1766.571917 -1767.1723
31 -1911.823716 -1900.7285 -1909.70188| -1911.823716| -1912.465321
32 -2063.452695 -2051.636256| -2061.193026| -2063.452695| -2064.137844
33 -2221.829645 -2209.263673| -2219.427425| -2221.829645( -2222.559467
34 -2386.888284 -2373.527343| -2384.334495| -2386.888284( -2387.665509
35 -2558.797411 -2544.636781| -2556.092314| -2558.797411 -2559.62205
36 -2737.700782 -2722.706| -2734.837159| -2737.700782| -2738.575159
37 -2837.263872 -2907.603852| -2920.365163| -2923.380771( -2924.304351
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38 -3024.488274 -3099.116726 -3112.57479 -3115.75302| -3116.727726
39 -3218.230132 -3297.330817| -3311.471817| -3314.816158| -3315.846302
40 -3419.430948 -3503.034204| -3517.936371| -3521.468846| -3522.554709
41 -3627.688153 -3715.867459| -3731.528793| -3735.240708| -3736.373581
42 -3842.946448 -3935.895633 -3952.37077| -3956.261279| -3957.460721
43 -4065.137271 -4163.205165| -4180.474272| -4184.549008| -4185.807667
44 -4294.52878 -4397.721394| -4415.823885| -4420.089768| -4421.409448
45 -4531.481719 -4639.720512| -4658.695841| -4663.145744| -4664.529713
46 -4775.631762 -4889.314051| -4909.147318 -4913.81582| -4915.265153
47 -5027.284453 -5146.351184| -5167.094754| -5171.974344| -5173.492091
48 -5286.514538 -5411.532716| -5433.171046| -5438.262076| -5439.846968
49 -5551.431926 -5682.777384| -5705.539973| -5710.872906| -5712.540153
50 -5825.817739 -5963.206129| -5986.929084| -5992.490671| -5994.230442
51 -6107.796331 -6251.362462 -6276.06321| -6281.856448| -6283.669667
52 -6397.236056 -6547.122355| -6572.805663| -6578.830564| -6580.717253
53 -6694.306672 -6850.676247| -6877.377171| -6883.643178| -6885.606172
54 -6999.072052 -7162.10421| -7189.851626 -7196.3656| -7198.406703

APPENDIX 3

Link to GitHub repository with all 35 generated STO-nG basis set atomic energy vs. atomic number graphs from He-Xe, and the generated
Desmos scatterplots, regression formulation, and regression validation. This data was added in the appendix due to exceeding the figure limit

if all graphs and .png Matplotlib tables were included in the paper. https://github.com/ZarseemDyartes/Matplotlib-LaTeX-Tables-and-Desmos-
Scatter-Plots.
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